
Thevenin's Theorem

Thevenin's theorem statesthat a linear wo-terminal circuit

can be replaced by an equivalent circuit consisting of a

voltage source VTh in series with a resistor RTh, where VTh is

the open-circuit voltage at the terminals and RTh is the input or

equivalent resistance at the terminals when the independent

sources areturned off.

According to Thevenin's theorem, thelinear circuit in Fig. (a)

can be replaced by that in Fig. (b). The circuit to the left ofthe

terminals in Fig.(b) is known as the Thevenin equivalent

circuit; it was developed in 1883 by M. Leon Thevenin (1857-
1926), a French telegraph engineer.

Linear
Loadtwo-teminal

circuit

b

(a)

R

Load

b

(b)The main challenge ishow to find the Thevenin
equivalent voltage and resistance.

Thevenin's theorem is very important in circuit analysis. It helps simplify a circuit. A large circuitmay bereplaced by asingle independent voltage source and a single resistor. This
replacementtechnique is apowerful tool in circuit design.



Toapply this idea in findingthe Thevenin resistance, weneed toconsider two cases.

CASE 1: fthenetwork has nodependent source:

(1)Find the Thevenin source voltage by removing the load resistor from the original circuit and

calculatingvoltage across the open connection pointswhere the load resistor used to be.

(2)Find the Thevenin resistanceby removing all power sources in the original circuit (voltage

sources shorted and current sources open) and caleulatingtotal resistancebetween the open

connection points.

(3)Draw the Thevenin equivalent circuit, with the Thevenin voltage source in series with the

Thevenin resistance.The load resistor re-attachesbetween the two open points of the equivalent

circuit.

(4) Analyze voltage and current for the load resistor following the rules for seriescircuits.

a
Linear circuit with

Linear +
all independent
sources set equal

Rintwo-teminal Voc

Circuit b to zero b
VThoc RTh Rin

(a) (b)

If the network has no dependent sources,we turn off allindependent
sources. is the input resistance of

the network looking between terminals a and b, asshown in Fig.(b)

CASE 2:1fthenenvork hasdependent sources:
Circuit with

Ifthe network has dependent sources,we turn off all independent

sources. As with superposition, dependent sources are not to be

turned off because they are controlled by circuit variables. We

all independent

sourcessetequal

to zero

apply a voltage source Vo at terminals a and b and determine the

resulting current io. Then, Rih volio, as shown in Fig.(a). Rp

Alternatively,
we may insert a current source lo at terminals a-b

as shown in Fig.(b)and find the tohminal voltage vo. Again RTh =

Voio. Either ofthe two approacheswill give the sameresult. In

(a)

Circuit with

either approach, we may assume any value of vo and io. For
all independent i

example,wemay useVo=1 V or to=1A, oreven use unspecified

values ofvo or io.

sources set equal

to zero

RTi



Fig.
to the

left
ofthe

terminal.

NAmple 1.8: Find the Thevenin equivalentcircuit ofthe
circuit35S2 w

42
6v

1.5 ob

Solution: To find VTh, consider
the circuit in Fig

5Q 3NW
6V

1.51i i2

(a)

0.51,
3n

5a < 1.51 4n

.(b)

Ii2
i2 -i

=1.51,
=
1.5i2 i= -2i1

(1) -4+3
For the supermesh,-6+5i t7i=0 2
From (1)and (2),i -4/(3)A 33A
V 4i2=5.333V
To findRn,consider the circuit in Fig (b). Applying

KVL around the outer loop.

s(0.51.)-1-31,
=0 -2 T +io

2.25

1 -444.4mQRn 2.25



Norton's Theorem

Norton's theorem states that a lincar two-terminal
circuit can be replaced by an equivalent

circuit

consisting ofacurrent source IN in parallel
with a resistor RN,where IN is the short-circuit current through

the terminals and RN is the inputor equivalent
resistance at the terminalswhen the independent

sources

are turned off.

Thus, the circuit in Fig.(a) can be replaced by the one in Fig.(b)

Steps tofollow forNorton's Theorem

Current through
a short(wire)jumping

acrossthe open connection pointswhere
the load resistor used to

be.

(1)Find the Norton source current by removing the load resistor from the original
circuit and calculating

)Find the Norton resistance by removing all power sources in the original
circuit (voltage

sources

Snorted and currentsources open) and calculating total resistance between the open connection points.

3) Draw the Norton equivalent circuit, with the Norton current source in parallel
with the Norton

resistance.The load resistor re-attaches between the two open points of the equivalent
cireuit.

4)Analyze voltage and current for the load resistor following
the rules for parallel

circuits.

The Thevenin and Norton equivalent circuits are related bya source transformation.

Example 1.9: Find the Norton equivalent
circuit forthecircuit in Fig. 4.42,

atterminals a-b.

32 32

62
15v() 4A) b

Solution:

32 3W W 6 Rs (((a)

30W From Fig.(a).Ry
=(3+3)6

=3

I
4A

From Fig.(b). (5+4)= 4.5A

(b)

C@E DCCircuits |
15



Maximum Power Transfer

power
will

be

ofthenetwork
The Maximum Power Transfer Theorem states that the maximum amou

iSSpated by a load resistance if it is equal to the Thevenin or Norton resistas

supplying power.

"Maximum power is transferred to the load when the load resistance equais

as seen from the load (RL=RTh)."

VTh R
RTh +RzP =i'RL=

RTh a

max

RL

RLRThb

For the given circuit above, VTh and Rh are fixed. By varying the load resistanceRL, thepower

acvered
to the load varies as sketched in Fig.We notice from Fig. that the power is small for small

or large values of RL but maximum for some value of RL between 0 and infinity.
We now want to

show that this maximum power occurs when RL is equal to RTh. This is known as the RTh maximum

power theorem.

Under maximum power conditions. only half the power delivered by the

source gets to the load. Now, that soundsdisastrous, but remember that

we are starting out with a fixed Thévenin voltage and resistance, and the

above simplytells us that we must make the two resistance levels cqual

if we want maximum power to the load. On an efficiency basis, we are

working at only a 50% level. but we are content because we are getting

maximum power out ofour system.

The de operating efficiency is defined as the ratio ofthe power deliv-

ered to the load (P)to the power delivered by the source(P,). That is,

T7% x100%

For the situation where R� =RTh

RThHRL
RT X 100%7% x 100% =

RT
x 100% =

RTa RX 10%=x100% =50%
2RTh



EXample 1.10: Find the valuc of RL for maximum
power transfer

in the circuit
of Fig. below.

Find the maximum power. [Eastern
Refinery

Recruitment Exam]

32
62 W

R
122 ()2A

12v

b

Solution:

Th across the terminals
a-b.To getRTh»

we use the circuit in Fig.

and obtain

We need to find the Thevenin
resistanceRTh

and the Thevenin voltage

512 90

RTh 2+3+6||12
5 + =9N

18 22
32

62w
32 22

62w w 12 i (t)2A

RT 12V

120
-O

(b

(a)
Finding

VNh

Finding
RTh

(b). Applying
mesh

To get VTh»
we consider

the circuit in Fig.

analysis gives

-12+18i1- 12i2=0, i2-2A

Solving
for i1,we geti=-2/3.Applying

KVL around the outer loop

to get VTh across terminals
a-b,

we obtain

VTh 22V
-12 +6i+3i2+2(0)+Vn0

For maximum power
transfer,

RL RTh
=92

and the maximum power
is

Pmax

Yn
4RL 4 9

2222=13.44 W



Crcu

EXAMPLE 9.6 Find theThévenin equivalent circuit for the network in

the shaded area ofthe network
in Fig. 9.26.Then find the current through

R for values of 20,100,and 100 O.

60 RL Solution:

Steps 1 and2:These produce the'network in Fig. 9.27. Note that the load

resistor R has been removed and thetwo "holding". terminals have been

defined as aand b.
b

FIG. 9.26

Example 9.6.

Steps3:Replaçing the voltage source E,with a short-circuit equivalent

yieldsthenetwork in ig.9.28(a), where

(32)60)RnR|R,= 0+ =2030+60
R R

M R1 a
30

30
E V R60 R6DR R

b

FIG.9.27
Identifying the terminalsofparticularimportance

when applying Thévenin's theorem.

(a)

(b)
FIG. 9.283

Determining Rh for thenetwork in Fig. 9.27



tTh
R

ace of the two marked terminals now begins to surface.

They are
the two terminals

acrpss which the Théven

ured.
It is no longer

the total resistance
as seen by

If

mined
in the majority

of problems
of Chapter 7

whether

ass which the Thévenin
resistance is meas-

otal resistanceasseen by the source, as deter

some difficulty

The importance of
the

two marked terminals

30

ETh

ments
are in series or parallel,

consider recalling
that th

resistive ele-

enses the level of
ance level. In Fig.

lling that theohmmcter sendsdevelops
when determining

RTm
with regard to

out a trickle
current ihto a resistive combination

and o.

the resulting
voltage

to establish
the meneasured resista

current of the ohmmeterapproaches the network

9.28(b),
the trand when it reaches the

junction
ofR and R2, it splits

throughternminct that the trickle current splits and then recombines at

the resistors are in parallel as far as the ohm-

sensing current of

FIG. 9.29

Determining ETh for the network in Fig. 9.27.

as shown. Thefact
that the

the lower node reveals R1

ET
meterreading

is
cerned. In essence, the path of the

evealed how the resistors are connected to the two ter-

the
ohmmeter

has rev

nals ofinterest and how the Thévenin resistance should be determined,

Pemember this as you work through the various examples in this section.

Step 4: Replace the voltage source (Fig. 9.29). For this case, the open-

circuit
voltageE,is the sameas the voltage drop

across the 6N resistor.

Applying
the voltage divider rule,

3

R6

E R2E (60)(9v)
hR,+R 60 +30

FIG.9.30D

Measuring ETh for the network in Fig. 9.27.

54V9 6Vv

It is particularly important to recognize that ETh is the open-circuitpo

(ential
between points a and b. Remember that an open circuit can have

any voltage
across it, but the current mustbe zero. In fact, the current

through any element in series with the open circuit must be zero also. The

se of a voltmeter to measure ETh appears in Fig. 9.30. Note that it is

olaced
directly across the resistor R2 since ETh and Va are in parallel.

R

Step 5(Fig.9.31):

FIG. 9.31

EThR +R Substituting
the Thévenin equivalent circuit for the

network extemal to R� in Fig. 9.26.6V20 +20R 20: =1.5 A

6 V
R=10N: 20+1000.5 A 20

R106V
R 100Q: 20+100o=0.06 A

If Thévenin's theorem were unavailable, each changein Rz wouldre-

quire that the entire networkin Fig. 9.26 be ireexamined to find the new

value of Rz FIG. 9.32

Example 9.7.

R2
EXAMPLE 9.7 Find the Théveninequivalent circuit for the network in

the shaded area of the networkin Fig. 9.32.

a

20

Solution: 12A1
Siteps 1 and 2:See Fig. 9.33.

p 3: See Fig. 9.34. The current sourcehas been replaced with an

-Circuit equivalent, and the resistance determinedbetween termi-

alsaandb. FIG. 9.33

Lais case, an ohmmeter connected between terminals
a andbn

00t a
sensing current that flows directly through R, and R2 (at theSendsou

Establishing the terminals ofparticular interest for

the network in Fig. 9.32.



same
level).

Theresult
isthat

R,
andRz

are in series
andthe Thé..

sistance

is the
sum of

the two.|NETWORK THEOREMS

Step
4:SeeFig.

9.35.
Inthis

case,
since

an open
cCircuit

exists

the
two marked

terminals,

thecurrent
iszero

between
thesetermi

Cen

through
the2N resistor.

Thevoltage
drop

across
R is, therefore

V1R (0)R;
=0V

RThR
+R=42+20

=62

20

inals and

RTh4
EnV1R

=IR,=(12A)(4
A)=48v

FIG. 9.34
and

Petermining
RTn for the network

in Fig.
9.33.

Step
5:SeeFig.

9.36.

+V2
=0V - 7

TR 20 i=0f
n48V

I=12A R$4n
Th

b

FIG. 9.36

Substituting

the Thévenin
equivalent

circuit
in the nenvort

external
to the resistor R,in Fig.9.32.

rk

FIG. 9.35

DeteminingEn for the nerwork in Fig. 9.33.

EXAMPLE
9.8 Find the Thévenin

equivalent
circuitfor the network

:

the shaded area
of the network

in Fig.
9.37. Note

in this example tho

there is no need for the section
ofthe network

to bepreserved
to be atth

"end" of
the configuration.

k in

40
a

R3

FIG. 9.37

Example 9.8.

Solution:

StepsI and 2:See Fig. 9.38.

R2w
4 0

RS6

FIG. 9.38

Tdentifying the terminals ofparticular interest for the network
in Fig

37.



Circuit redrawn:

40

R20 R6 R4R6n RTh RTh

"Short circuited"

RT =00
||

20 =00

FIG. 9.39

Determining RTn for the network in Fig.
9.38.

p3: See Fig. 9.39. Steps 1 and 2 are relatively easy to apply, but

W We must be careful to "hold" onto the terminals a and b as the

venin resistance and voltage are determined. InFig. 9.39, all the

naining clements turn out tobe in
parallel,

and the network can be

drawn
as shown.

RTh R|R,=OJ(4 2) 240
RTRi|R2 60+40 2.4 Q

10

yn 4: SeeFig. 9.40. In this case, the network can be redrawn as shown

Fig. 9.41. Since the voltage is the same across parallel elements, the

ageacross the
series resistors Ri and R,is E, or 8 V. Applying the

dtage divider
rule,

EnR60+

R,E (60)(8V)
EThR+Ra 60+40

48 V FIG. 9.41=4.8 V
10 Network of Fig. 9.40 redrawn.

R2

R30
40

b

EnR6 RS20
FIG. 9.42

Substituting the Thévenin equivalent circuit for the

network external to the resistor R, in Fig.
9.37.

FIG.9.40

Determining En for the network in Fig.9.38.

ipS: See Fig. 9.42 120

lheimportance ofmarking the terminals shouldbe obviousfrom Ex-

8.Note
that there is no requirementthat

the Thévenin voltage

Same
polarity asthe equivalent circuit originally introduced.

ihaded reaofthebridgenetwork in Fig. 9.43.

MPLE9.9 Findthe Thévenin equivalent
circuit forthenetwork in FIG. 9.43

Example 9.9.
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Solution: sho
t-circuit replacement of.12n Steps

Iand2:See Fig.
9.44.

60

voltage
source E provides

a direct
connection between

9.45(a), permitting
a "folding"ofthe

network around the
c

of a-b to produce
the configuration

in Fig. 9.45(b).

RrnR-
=R,|R,

+Ral|R

f
the

Step
3:Sce Fig. 9.45.

In this case,
the short-circuit

replaco.

andc
in

Fig

R

horizontal
line

72
=62||30+49||12
=20+3N =52

FIG. 9.44

ldentifying the terminals ofparticular
interestfor tne

nenwork in Fig. 9.43. Rh

6
RR 3040,

T 6.n

3n

(b)
(a)

FIG. 9.45

Solving forRyhfor
the network in Fig. 9.44.

Step4:The circuit is redrawn in Fig. 9.46. The absence of a direct
con-

nectionbetween
aandb results in a network with three parallel

ches

The voltages V, and V,can therefore be determined using the
voltage di

vider rule:

(6 2)(72V)_ 432VR,ER +R, 60+3
RE (12Q)(72V)

=48V

V R +R 120 + 4D
864V = 54V
16

V,R6n KVL R120
ETh

a

R30 R40

w FIG.9.46

Detemining ETh for the network in
Fig. 9.44.6

Assumingthe polarity shown forE,T, and applying Kirchhoff's vois

yi agelawtothetoploopin the clockwise direction results in

IcV+ET+V V, =0
EnVV =54V-48V 6V

and
FIG. 9.47

Substituting the Thévenin equivalentcircuit for the Step5:SeeFig. 9.47.

nework externalto the resistor R in
Fig. 9.43.



hévenin's theorem is not restricted to a single passive element, as
wn in the

preceding examples, but can be applied across sources,

penpo

le branches, portions of networks, or any circuit
configuration asn in the following example.It is also possible that you may have to

oneofthe methods
previously described, such as mesh analysis or su-

osition, to find the Thévenin cquivalent circuit.

E2 9+10V

Ra4k
RAw-

1.4 k

EXAMPLE 9.10 (Two sources) Find the Thévenincircuit for the net
Ri0.8knR6kn

vorork within the shaded area of Fig. 9.48.

solution: E -6V

Seps and 2:See Fig. 9.49. The network is redrawn.

ep 3:SeeFig. 9.50.

FIG. 9.488

Example 9.10.

RThRa +R|R2l|R3= 1.4kS +0.8kfO||4kM||6kM= 1.4 k +0.8 kO||2.4 kQ= 1.4 kQ +0.6k2

R4

1.4 k
RS0.8k�akn R 6 kn=2kQ 6VEov

tep 4:APplying superposition, we will consider the effects of the volt
e sourceE, first. Note Fig. 9.51. The open circuit requires that V=
R (9)R; =0 V,and FIG. 9.499

E'Th V3

RTRallR,=4kD|6 kQ =2.4k
ldentifying the terminals of particular interest for the

network in Fig. 9.48.

Applying
the voltagedivider rule, R

R',E (2.4 k2)(6V) 14.4V
2.4k +0.8 kM 3.2

= 4.5 V

E'ThVs=4.5V
Vs RT

1.4 kO

R6k

For the source E2, the network in Fig. 9.52
results. Again, V^ =lR,

R=0V,and
2.4k

FIG.9.50

En V
RT R lR =0.8 k2

||

6k2=0.706 kQ
Determining R�i forthe network in Fig.9.49

V R7E (0.706 kD)(10 V) 7.06V
VR'+.R2

V+= 1.5 V=
0.706 kO +4k2 4.706

1.4 kET V =1.5V
0.8k24kn E1

VA0R
1.4 kN

FIG. 9.51

R0.8kO4k0 EThR6k
10v

Determiningthe contribution to ET from the sourc

E,for the network in Fig. 9.49.

FIG. 9.52

mining the contributiontoETfrom the sourceEz forthe nenwork in

Ffia 949
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Since E7 andE have oppositepolarities,

EnE'n En
=4.5V1.5V

RT

2kn

(polarity
ofE'T)

E
R =3V

Step 5: See Fig. 9.53.

Subsriruting

ork external

the
Thévenin

tothe
equivalent circuitfor the Experimental Procedures

Now that theanalytical procedure has been described in detail.

forthe Théveninimpedance and voltageestablished,itistimeto sen

FIG. 9.53

ndase�sin

nehvork
external tothe

resistorR inFig. 9.48.
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current sources
is included

in the originalnetwork, it mue o

edure

marked terminals.(Ifthe
internal resistanceof the voltage.

st

remaint to zero.)Since Ry Rrh the proc.

enin's

when the sources are set n

and value obtained using the apPproachdescribed for Théven

theorem will determine the proper
value ofRy

IN'

4. Calculate Iy by first returning
all sources to theiroriginale

andthen finding the short-circuit current between the markoon

terminals.It is the same current that would be measured by

ammeterplaced between the markedterminals.
an

Conclusion:

5. Draw the Norton equivalent �ircuit
with the portion of the e

previously
removed replaced

between the terminals of the

equivalent
circuit.

circuitR
fromThe Norton and Thévenin equivalent circuits can also be fona

rlier in
thiseach other by using the source transformation discussed earlier

FIG. 9.61 chapterand reproduced
in Fig.9.60.

Example 9.11.

R Oa

RTh
30

RS6

FIG. 9.60

Converting
between Thévenin and Norton equivalent circuits.

FIG. 9.62

ldentifying the terminals ofparticular interest forthe
nework in Fig. 9.61.

EXAMPLE 9.11 Find the Norton equivalent circuit for the networkin

the shaded area in Fig.9.61.

Ri

Solution:
32

Steps 1 and 2:See Fig.9.62.R6 R Step 3:See Fig.9.63, and

(32)60)18 20Ry R|R2=32||6l30+60= 20
9

b

Step4:SeeFig. 9.64, which clearly indicates that the short-circuit con-

nection between terminals aand b is in parallel with R2and eliminatesits

effect.Iy is
therefore the same as through R1, and the full battery voltage

appears across R, since

FIG. 9.63

Determining Rwforthe network in Fig. 9,62.

ShortR
V=lpR2 (0)60=0v3

Therefore,N 33A
Step5:SeeFig.9.65. This circuit is the same as the

first
one considered

inthe development of Thévenin's theorem. A simple conversion indicates

thattheThévenincircuits are, in fact, the same (Fig. 9.66).

Short circuited-

FIG. 9.64

Determining Iy for the network in Fig. 9.62.



20 IARy3AX2)= 6V
FIG. 9.65

FIG. 9.66
Substiruting

the
Norton cquivalentcircuit forthe

nenwork extermal to the resistor RL in
Fig. 9.61.

Comverting the Norton equivalent circuit in Fig. 9.65 to a Thévenin

equivalent circuit.

EeYAMPLE 9.12 Find the Nortonequivalent circuit for the network eXthe9O resistorinFig. 9.67.
terma,

Solution:

StepsI and 2:See Fig. 9.68.

Step
3:See Fig. 9.69, and

R R +R2 =50+40 9
Step4:As shown in Fig. 9.70, theNorton current is the same asthe cur-

rent through the 4 resistor.Applyingthe current divider rule,

(5Q)(10 A)50A=5.56AR
NR+ R2 59 +40 9

Step
5:See Fig. 9.71.

R
50 a

R90 R40 R10A

b

FIG.9.68 FIG.9.69
FIG.9.67

Identifying the
terminals of

particular interest forthe network in

Fig. 9.67.

Detemining Ry for the network in

Fig.9.68.Example 9.12.

R90

R40 R40
10A

FIG.9.71

Substituting
the Nortonequivalent circuit for the

network extenal to the resistor RL in Fig. 9.67.FIG.9.70

Determining Iyforthe network
in Fig. 9.68.
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EXAMPLE 9.13 (Two sources) Find
the Norton equivalent c

the portion of the network to the left of a-b in Fig. 9.72.

R9
R10

F12SA Rson
7V

FIG.9.72

Example 9.13.

FIG.9.73

Tdentifying the terminals ofparticular interest for the

nenwork in Fig. 9.72.

Solution:

Steps I and 2:See Fig. 9.73.

Step3:See Fig. 9.74, and

(4 )24
Ry R,|Ra

=42|611 40+60 10 2.42
R6 Step 4: (Using superposition)For the 7V battery (Fig.9.75),

y -1.75A

For the 8 A source (Fig. 9.76), we find that both R and R, have heer

"shortcircuited" by the direct connection between a and b, and
FIG. 9.74 een

Determining Ry for the nenvork in
Fig.

9.73.

l' I=8A
Short

circuited Theresult is

=l I'y
=8A- 1.75 A =6.25 A

R40 Step 5:See Fig.9.77.
Ra60 I'N

E 7v

R90
FIG. 9.75 R102.4

Determining the conribution to Iyfrom the voltage

sourceE,
12 V

Short circuited

FIG. 9.77

Substituting the Norton equivalent circuit forthe network to the left of

terminalsa-b in Fig. 9.72.R40 A on
Experimental Procedure.

FIG.9.76
Determining the

contribution toIfrom the current

The Nortoncurrent is measured in the same way as described for the

short-cireuitcurrent(,)forthe Thévenin network. Since the Norton and

Thévenin resistancesarethe same,the same procedures can be followed

SOurce asdescribed forthe Thévenin network.
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w

cussed for a fixed Thévenin
resistance. Looking

at the situation" dis.

different viewpoint,

In all of the above discussions,

the effect of changing
the

uation

load-

froma

ifthe load resistance isfixed
and does not match the applied

Thévenin equivalent
resistance,

then some efjort
should bemo

possible)to redesign
the system

sothatthe
Thévenin equivalenf

resistance
is closerto thefired applied

load

ent

In other words, ifa designer
faces a situation where

the load resies

fixed, he/sheshould investigate
whether the supply sectionshouldCeis

placedor redesigned
to create a closermatch

of resistance leyelo
re.

duce higher levels ofpowerto the load.

For the Norton equivalent
circuit in Fig. 9.84, maximum powe

be delivered to the load when

of
resistance levels to

pro-

ower
will

RR 95)

This result [Eq. (9.5)]
will be used to its fullest advantage in the anal

cir
nalysi

of transistor networks, where the most frequently applied transistor

cuit model uses a current source ratherthan a voltage source.

FIG. 9.84
For the Norton circuit in Fig.9.84,

Defining the conditions for maximum power to a
load using the Norton

equivalent circuit. R (W) (9.6)4
EXAMPLE 9.14 A de generator,battery,

and laboratory supply are Con
nectedto resistive

loadR in Fig. 9.85.

a. For each,determinethe value of R,for maximum power transfer to R,.

b. Under maximum power conditions, what are the current level and
the power to the load for each configuration?

C. What is the efficiency of operation for each supply in part (b)?
d. If aload of 1 kl were applied to the laboratory šupply, what would

thepower deliveredto the load be?Compare your answerto the level

of part (b). What is the level of efficiency?
e. Foreach supply, determine the value of R� for 75%o

efficiency.

050 R 200

R R20
0-40y

(a) de
generator

(b) Battery
(c) Laboratory supplyY

FIG.9.85
Example 9.14.

Solutions

a. Forthe dc
generator,

R Rn R2.5
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For the 12 V car
battery,

RL RThRint 0.05N
For the dc laboratory supply,.

R Rh Rint 20O
For the dc generator,

ETh
b. E

ARin

(120V)
4(2.5 0)1.44kw

PL
4RTh

For the l2 V car battery,

(12V)
4Rint 4(0.05 N)

PL
4RTh

= 720W
For the dc laboratory supply,

P Em -E (40V)
4(202)

Theyare all operating under a50%
efficiency levelbecause R=RTh

PL 20W4RTh 4Rint

The powerto the
load is determined as follows:

d.

E 40V 40V

LRnt+ R 200 +10000 1020 39.22mA

and PlER =(39.22 mA)(1000 0)=1.54W
The power level is significantly less than the 20W achieved in part

(b).
The efficiency level is

1.54 Wx 100%=1.54W x 100% 40VX(39.22mAA
x 100%

EI,

1.54W x 100% =98.09
1.57 W

which is markedly higher than achieved under maximun power

conditions-albeit at the expenseof the power level.

e. For the dc generator,

RLP. RTh+ RL
(nin decimalform)

RL
RTh +RL

and

7(RTh+R)=RL

nR+7RL =RL
RLC1 n)=nRTh

RTR - (9.7)
and

0.75(2.5 Q)
0.75

=7.5Q

For thebattery,

0.75(0.052)-0.15RL
1 0.75
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For the laboratorysuppiy

0.75(20 2)-602
R 1 0.75

EXAMPLE 9.15 Theanalysis ofatransistor
networkresulted in the

duced equivalent
in Fig. 9.86.

inthe re

a. Find the load resistance
that will result in

maximum power tranee.

evel
0maoxn R

b. Iftheload werechanged
to 68ki2,wouldyou

expect a
fairly high le.

of powertransfer to the load based on the results
ofpart (a)?w

would thenew power
level be?Is yourinitial assumptionvetified?

c. If the load were changed
to 8.2 k{2, would you expect a

fairly hiot

to the load, and
find the maximum power

delivered.

at

FIG. 9.86

Example 9.15.

level ofpower
transfer to the load based on the results of part (a)? hat

would thenew powerlevel
be?Is yourinitial assumption verified?

Solutions

a. Replacing
the current source by an open-circuit equivalent results in

RThR,=40kM
in

Restoring the current source and finding the open-circuit voltage at

the output terminals results in

ETVoe=IR,
=(10mA)(40 kQ) =400V

Formaximum powertransfer to
the load,

RL =RTh =40kD.

PL RT4(40kQ)1w
with a maximum power level of

En(400v)

b. Yes, becausethe 68kQ load is greater (noteFig. 9.80) than the

40k load, but relativelyclose in magnitude.

ET
RTh +RL 40kM +68kQ108kO3.7mA

PlER (3.7mA)(68kN=0.93 W

400V 400

Yes, thepowerlevel of0.93 W compared to the 1 W level ofpart (a)
verifies the assumption.

c.No,8.2kQ is quite abit less (noteFig. 9.80)than the 40 kQ value.

ETh

Rr+R 40k + 8.2k48.2k28.3 mAILRT+RL

PL1ER=(8.3mA)(8.2 k2)=0.57W

400V 400 V
R160

Yes,thepower level of 0.57W compared to the 1 W level of part (a)
verifiesthe

assumption.dc
supply

FIG. 9.87
dc

supply with afixed 16Q load
(Example 9.16).

EXAMPLE9.16 InFig.9.87,a fixed load of 16Q is applied to a 48 V

supplywith an internal resistance of 36 0.
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eonditions in Fig. 9.87, what is the power delivered to thecthe
Fornd lost to the internal resistance of the supply?
odesigner has somecontrol over the

internal resistance level offthel,what value should he/she make it for maximum power to
What is the maximum powerto the load? How does it com-load?

Withou

hethe level obtained in part (a)?
paret making a single calculation,if the

designer could change

po
the wer to the load? Verify your conclusion by calculating the

internal
resistance to 22D r8.2 D,which value would result in

morc

Solutions E

power
to theloa for each value.

48V 48V
,R,+R 36N+ 160520 923.1 mA

1R,=(923.1 mA)(36 0)=30.68w
PR.p,1R= (923.I mAJ(16 0)=13.63W

Oe careful
here. The quick response is to make the source'resistance

to the load resistance to satisfy the criteria of the maximum
R,equal

pow
awertransfer theorem. However,this is a totally different type of

coblem from what was examinedearlier in this section.If the load

fixed,the smaller the sourceresistance R,the more applied volt-

e will reach the load and the less will be lost in the internal series

resistor.
In fact, the source resistance should be made as small as

nossible.
If zero ohms were possible for R, the voltage across the

ioad would be the full supply voltage, and the powerdelivered to the

loadwould equal

P V?48V-144WPLR 16Q

which is more than 10 times the value with a source resistance of

36.
C Again, forget the impactin Fig. 9.80: The smaller the source resis-

tance,
the greater

the power
to the fixed 16 0 load. Therefore,

the

8.20resistance level results in a higher power transfer to the load

E
R

30 68 V

than the 22 resistor.

ForR,= 8.2: Rw20
E 48 V 48V = 1.983.

R,+ +R 8.2++160 24.2 FIG. 9.88

and P 1iR =(1.983A)(160)
=62.92W Example

9.17.

ForR,222:
R

481.263 A
380

48V 32

R+RL 22+16
and PL= IR=(I.263A)(160)=25.52

W R10
20

R
EXAMPLE 9.17 Given the network

in Fig. 9.88,
find the value ofR for

maximum powertothe load, and find the maximum power to the load. FIG. 9.89

Solution: The Thévenin resistance
is determined from Fig. 9.89. Determining

RThforthe network
external

R in Fig.9.88.

RnR+Rz+R3 30+10 +20=150
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R =RTh=15Qo that-V = OV +
-0-
R 30

The Thévenin voltage is determined using Fig. 9.90, where

and V= IR2= IR2=(6A)(10 N) =60v
68 V10

64 -6A 09
Em Applying Kirchhoff's voltagelaw

-V2 E+ET =06A

and ETh= V2 +E=60V +68V =128V
32N2+V =OV - with the maximum power equal to

(128V=273.07NFIG. 9.90o

Determining En for the networkexternal to resistor

R in Fig. 9.88.

PL
4RTh 4(15 k2)

9.6 MILLMAN'S THEOREMM

Thrqugh the application of Millman's theorem,any number of parall

voltagesources can be reduced to one. In Fig. 9.91, forexample, the
three

voltage sources can be reduced to one. This permits finding the
urent

through or voltage across Rz without
having

to apply a methodsuchaasmesh
analysis, nodal analysis, superposition,and so on.The theorem Can

best be described by applying it to the network in Fig. 9.91.
Basically

three steps are included in its application.

FIG. 9.91
Demonstrating the

effect of applying Millman's theorem.

Step1:Convert all
voltage sources to current sources as outlined in Sec-tion8.3.This isperformed in Fig. 9.92forthe networkin Fig. 9.91.

O
FIG.9.92

Coverting all thesources in Fig.9.91 to curnrent sources.



Th MILLMAN'S THEOREM 11 377

2.combineparallel curTent sources as described in Section 8.4. The
Seringnetwork

is shown in Fig. 9.93, where
menltin I1+l,+1, and G,=G,+G,+G,

2.Convertthe resulting current source to a
voltage source, and the

Sesingle-source network is obtained, as shown in
Fig.9.94.

desired
In

eeneral, Millman's theorem states that for any numberof
parallel

voltage
sources,

FIG. 9.93

Reducing all,thecurrent sources in Fig. 9.92 to a

G +G2+Gz+ +Gy
single

current source.

EG+E,GEG,
G +G,+G+

ENG
G (9.8)

The plus-and-minus signs appear in Eq. (9.8)to include thoše cases

swhere
the

sources may not be supplying energy in the same direction.

(NoteExample 9.18.)

The equivalent resistance is

G G G tG GN

(9.9)
FIG. 9.94

Comverting the current source in Fig. 9.93 to a

voltage source.

In terms of the resistance values,

(9.10)

RR
and R (9.11)

Becauseof the relatively
few direct steps required, you may find it

easier to apply each step rather than memorizing
and employing Eqs.

(9.8)through (9.11).

EXAMPLE 9.18 Using Millman's theorem, find the current through

and voltage across the resistor R� in Fig. 9.95.

Solution:By Eq. (9.10),

R50 Ra40 R20R3 V

E+E E
R RR

EeA

R R2 R FIG. 9.95

Example 9.18.

The minus sign is used forE/R,because that supply has the opposite po-

larity
of the other two. The chosen reference direction is therefore that of

E and Eg.The total conductance is unaffected bythe direction,and
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E 50 40 2 2 A-4A+4A
Eea

10 V 162
1 0.2 S +0.25 S+0.5 S

50 40 20

2A2.11
0.95 S

=1.05 n
Req 1 10.95 S,

with

40T 20R30
The resultant source is shownin Fig. 9.96,and

2.11 V2.11
V

L1.05Q +30 4.05

VL =IRL =(0.52 A)3 N)=1.56V

=0.52 A

with
FIG. 9.96

The result ofapplying Millman'stheorem to the
nenvork in Fig. 9.95. EXAMPLE 9.19 Let us now consider the type of problem encountered

in the introduction to mesh and nodal analysis in Chapter 8.Mesh analu
sis was applied to the network of Fig. 9.97 (Example8.12). Let us nowuse Millman's theorem to find the

current through
the 2

resistor and
compare the results.

nd

RS20
Solutions:

-10V
a. Letus first apply each step and, in the (b) solution,Eq. (9.10).Con-

verting sources yields Fig. 9.98. Combining sources and
parallelconductance branches (Fig.9.99) yields

FIG. 9.97

-h+h-5A+a-A+A-A
G =G +G-15+s-ss-s

Example 9.19.

Converting the current source to a
voltage source (Fig. 9.100), weR20 obtain

20)y
(3)(7) 7

FIG.9.98
Comverting the sources in

Fig. 9.97 to
andCurrent sources.

S
6

R20
R20

FIG. 9.999

Reducing the current sources inFig.9.98toa
FIG. 9.100single source.

Coverting the current source in

Fig.9.99 toa
voltage source.
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R

FIG. 9.105

Demonstrating the effect of knowing a current at some point in acomplex network.

9.8 RECIPROCITY THEOREM
The reciprocity theorem is applicable only to single-sourcenetworks. It

is, therefore, not a theorem used in the analysis of multisource networks

described thus far. The theorem states the following:

The current
I
in any branch ofa network, dueto a single voltage

source E anywhere else in the network, will equal the current

throughthe branch in which the source was originally located ifthe

source is placed in the branch in which the current Iwas originaly

measured.

In other words, the location of the voltage source and the resulting cur

rent may be interchanged without a change in current. The theorem re

quiresthatthe polarity of the voltage source have thesame correspondence

with the direction ofthe branch current in each position.

a

(a) (b)

FIG. 9.106

Demonstrating the impact of the reciprocity
theorem.

Intherepresentative networkin Fig. 9.106(a), the current I due to the

voltage sourceE was determined. If the position
of each is interchanged

asshown in Fig.9.106(b),
the current I will bethe same value as indi-

cated. Todemonstratethe validity
of this statement and the theorem, con

siderthenetworkin Fig. 9.107, in which values
for the elements of Fig

9.106(a)havebeen assigned.

Thetotal resistance
is

R R
12 20

E5 Ra6

RTR +R2l(R3+Ra)
=12 +60|(20+40)

=122+60|60 = 12 Q +30 = 15

FIG. 9.107

4533A Finding the current I due to a source E.

and
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with

For the network
in Fig.

9.108, which corresponds
to

9.106(b),we find

to that in
Fig,

R
K3

R,=R +R,
tR,|R

=4 +20+12Q|60
= 100122 20

R260
,--10-4.5

A
45 V

and
102

(64.5A) 4.3A =1.5 A

12Q+60
3

FIG. 9.108

Interchangingthe location ofE and I ofFig. 9.107to

demonstrate the validity ofthe reciprocity theorem.

so that

which agrees
with the above.

The uniqueness
and power of this theorem can best be demon.

by considering
a complex, single-source

network such as the onated

in Fig. 9.109. W

a

b
FIG. 9.109

Demonstratingthepower
and uniqueness of the reciprocity theorem


